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Local Maximum

A function f (X, y)is said to be local max.or relative
max.at (X, Y, ) If
f(XY) < f(X.Ys) ¥ (XY) nbdof (x,Y,) €D

M ohNONSRD®
]




Local Minimum

A function f (x, y)is said to belocal min.or relative
min.at (X,, Y,)If
f(XY)> f(X,Y,) V¥ (xy)enbdof (%,Y,) €D




Extrema

Thelocal max.or min.valueof f (X, Yy)

are called as extrema or extremum of f.




Necessary condition for maxima and minima

Theorem:

Let f (X, y)bedefined inanopenregion D and it has local max .
or local min.at (x,, y,). If the partial derivatives f and f,

exists at (x,, Y,),then f,(X,, ¥o) =0and 1, (xy,Y,) =0
Proof :

Let f (X, y)bedefined inanopen region D and it has local max.
at (Xy, Yo)
.. by definition of local max.



f(X,y) < T(X Yp) v (X, y) enbd of (x,, Y,) €D
Let ybe fixed aty, (y=1Y,)
7 F(X Yo) < T(X, Yp)
L.e. F (X 2h,¥) < F(X Yp)
l.e. f(x,+h,y,) < f(X,Y,) and
f(Xo_h’YO) = f(XO’yO)
f(xo +h, yo)_ f(xo’ yo) <0and f(xo —h, yo)_ 1E(Xo’ yo) <0
lim f(xo‘l'h’YO))_ f(X01YO)
h—>0" h
lim f(xo -h, YO))_ f(xo’ yo) >

h—0" — h

<0 and

0




T (X0, ¥o) <0 and 1,(x5,Yy)20= 1,(Xy, ¥p) =0
Similarly, f (X,,Y,)=0
.. For local max.of f(x,y)at (x,,Y,)e D,
f (X01yo):O and fy(XO’yO):O
Similarly 1f f haslocal min. at(x,,Y,)
then f,(Xy, ¥o)=0and f (X, Y,)=0
Hencetheoremis proved. //



Critical point or stationary point:

Apointat which f, =0 and f =01s called as critical point

l.e. apoint(Xx,,Y,)e Dis said to be critical point
It 1,(X,, ¥p)=0and fy(XO’ Yo)=0




Saddle point:

A point at which the function have neither maximum or
minimum is called as saddle point.

Second derivative test for maximum or minimum

Let f bea function of two var iables defined in anopen region
D < R? and havecontinuous second order partial derivatives
In D.Let (X,, Y,)beacritical pointof f(x,y)and
= fxx (Xo’ yo)
s = fy (X1 Yo)
t=1, (X0 Yo)



then

i) S°—rt<0and r<0
= f(x, y)haslocal max.at (X,, Y,)

i) S°~rt<0and r>0
= f (X, y)haslocal min.at(x,, Y,)

i) S2—rt>=0
= f(X,y) hasneithermax.nor min.at (x,, Y,)
iv) S®—rt=0

— test IS Inconclusive



Example 1.

a3 a3
Find the min. valueof u=xy+—+—
X Yy
Solution:
3 3
et u:f(x,y):xy+a +a L1
X Yy
3
@:y+a3(—1/x2):y—a—2 and
OX X

3
ﬂ=x+a3(—1/ y2)=x—a—2

y



For max. and min.(i.e. for critical pointor stationary point)

Z—;:O and %:O
€. y—a—z:O and x—a—Z:O
X y
= x’y=a®> and y°x=a’
= X°y = y°X = Xy —y°’x=0
x2y=yx2:a3 — x3=y3=a‘°’
= X=y=a le. (a,a)Ils the critical point.
= Xy(x-y)=0 = X=Yy



2 3 2
now rzézz—a?’(—%):za—g, s:ﬁf =1
OX X X OXoY
2 3
atthecritical point (a,a)
0° f Iy a’> _a’
OX* ( x> L ¢
2
S = 91] =1
OXoy
2 3 3
FE T P T T

oy* y y a



.8 —rt=1"-22=-3<0 and r =0
s.u=fT(x,y)hasmin.at(a,a)
. min.valueof uis givenby

arillllat

U= Xy |
X y
aillllat

U= aa- |
allllla

Uu=a‘+a’+a°=3a’

u_. =3a’. [/



Example 2.

Acircular Metallic plate hasthe shapeof the region x*+ y* <1
Theentire plate is heated sothat the temperature at any point (X, y)
is givenby T = 2x° +3y* —x.

Find the hottest and coldest points of the plate.

Solution:

Let the temperature atany point (X, y)Is given by subject to the
metallic plate x*+y* <1

ﬂ=4x—1 and ngy

OX oy
or

for max.and min. Z—T:O and — =0
X



1.e. 4x—1=0 and 6y =0

(%,O) is the critical point

o° f

NOW I = =4
OX
2
S:EB f Hio
OXoY
2
oy 4

r:4, S:O, t:6

s?—rt=0-46=-24<0 & r>=0

At(%,O), r—0 and s —rt<0

T Ismin . at (%,O). //

X

and y=0



now min. temperatureat (1/4,0)

somin. temperature T =2x°+3y°—X

~2()*+30)-() =

min.

T L
8

Since (%,O) isinsidethe plate x° + y* <1.Themax.of T maybe

occur on the boundaryof x°+y”*<1

Consider x°+y°=1ie. y> =1-x°

LT =243y —x = T =2x"+3(1-x?)—X
=T ==x-x+3



(- T 1s a single variable function )

2l =21
OX
now /Y2 =(1-x) = y? =1-(-1/2)?

= y*=1-1/4=3/4

2
2
and a_Tzz_z
OX
1 V3 1 /3

- Tismax at(—=,—) and (-=,——
( J 2) ( ] 2)



SO max.temperature
T =2X5 3y =X

V3

=2 3 - (-5)

:2.£+3.§+l:E
4 4 2 4

13

MmaX. 4
now min. temperatureat (1/4,0)

somin. temperature
T =2x°+3y° —X
1

~ 20 +3(0)- () =

I

L LS
1B
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